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! bf (5—) - —f( )) fu; g) ?) ~ f(0.0722) = k

Also solved by the proposer.
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5623: Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barcelona, Spain

Let P be an interior point to an equilateral triangle of altitude one. If z, ¥, z are the distances
from P to the sides of the triangle, then prove that

D 9 92 . 2 2 24 —
*+y" +z- 2 +y + 27+ oxyz.

Solutions 1,2 and 3 by Bruno Salgueiro Fanego, Viveiro, Spain

Solution 1:

Since

Ay = (@ y+2)” — 2wy +yz+ )

and
PP+ = (e ry+2)°® -3 +y+ o) ey +yz + 2x) + 32y,

the inequality to prove is equivalent to
(x+y+2)?2—2zy+yz+z22)° > (z+y+2)?° -3 +y+2)(zy + yz + 22) + 9zyz.
From Viviani’s thcorem, & + y 4+ z = 1, so this last incquality is the samc as
ry + yz + zx > zyz,

that is (since x,y, z are strictly positive because P is interior to the equilateral triangle)

—

11
-t =209
T Yy =z

or,sinccx+y+z2=1,to
1 1 1
(x+y+z)|{=+-+=-]29
r oy

v

Y z

1 1 1 x - z z Z z 1 1 =z
m+y+@(++)3++y+y+++3++x+y+y++
r oy oz v ox oz oy x oz y Y

8w~

>342424+2=09,

1
where we have used that ¢ + n > 2 for any t > 0, with equahty if and only if ¢ = 1 (which is

1
L:JandL:

z

SRS

equivalent to 2 — 26 +1 > 0, that is, to (¢ — 1)? > 0) with ¢ =

‘QIC%
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_Z =1, that

Thus, the incquality is proven and also that cquality occurs if and only if, — =
Y x

IS =

1
is, z =y = z = _. In plane geometry the barycenter of a triangleis is also called the centroid of

the triangle. Is {he point in the triangle where the three medians meet. In equilateral triangles,
the incenter, circumcenter and orthocenter also meet at the barycenter.

Solution 2:

From Viviani’s theorem, x + v + z = 1, so the equality in the problem is successively equivalent

L
Lo

xQ—m3+y2—y3+22—2326myz,

21 — x) +y2(1 - ) +z2(1 —z) > 6zyz,
2y +2) + 13 (2 + 2) + 22z + y) > 6ayz,

zy(z +y) +yz(y + 2) + za(z + x) > bzyz.

Since P is interior to the triangle, z > 0.y > 0 and z > 0, so this last inequality (and, hence,
the inequality in the problem) is equivalent to

z z oz
—+£+g+—+—+—267
Yy x oz Yy x =z

1
which is true because, for any ¢ > 0 , we have ¢ + n > 2 with equality if and only if t =1, so

taking ¢ = x/y, t = y/z, and ¢ = z/x and adding the obtained inequalities we obtain the
required result, and note that equality occurs on it if, and only if, z/y = y/z = z/x = 1; that
is, if and only if z = y = z = 1/3. This means that P is the barycenter of the equilateral
triangle (see definition above).

Solution 3:

From Viviani’s theorem # + y + z = 1, and we can think of this as a constraint and ap-
ply the Lagrange multiplers method to the funion L(z,y,z;A) = f(z.y,2) — Ag(x,y, ) where
flz,y, 2) = 2 + 92 + 2% — 23 — 9% — 23 — 6ayz is the objective function that is subjected to the
constraint constraint g(x,y,2) = x +y+ z — 1. The critical points in this expression are points
(x,y,2) € (0, +00) for which

gg(wayvz) - ((:;]yj(l”yz) - (éij (iL',y,Z) = gi

(x,y,z) =0.

Thus, 2z — 322 — 6yz =2y — 3y — 620 =22z — 322 —6zy = A and z + 4 + 2z = 1, That is
0=2(x—y)—3(@2—y?) —62(z —y) = (2 — 32z =3y = 62)(x — y) and

0=2(u—2)-3@*—2*)—6x(y—2)=(2—-3y—3z—6z)(y—2)and z +y + 2 — 1. From this
it follows that;:
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(x,y,2) € {(§’§’§) , (55,5)} (§ 9§> } with (;,;;) being the point

where [ attains its minimum value.

In summary,:

[e,y,2) = (1/3,1/3,1/3) = 0 for any (z,y,z) € (0,4+00); equality is obtained if, and only if,
(z,y,2) = (1/3.1/3.1/3).

Solution 4 by Michael Brozinsky, Central Islip,NY

We first note that if A+ B = C + D then A > C is equivalent to B < D. Without loss of

2
generality let x <y < z and let k =z + y so that k¥ < — since  + y + 2 = 1 as the sum of the

Aict anmana i 113latnaral tnicamala 1o Anciler alh ~os
UuloballCes 11 LClal LllallZlT 1o Caslly olluy

O >
be equal to the altitude. Now since

s (e Aiaonntiaa ) &~
W ll \U}/ LLLDDULMLUIL} Lu

=]

il an ifnterior o ain eguiw

PP+ 2y 2w+ = (+y+2)P=l=(z+y+2)°=

= 22+ P + 22 + 6ayz + 32y + 3xy® + 322 + 3y%z + 3y

it suffices to show (by our first note above) that
5 ) 5 0 2 o 2 a0 2 g 2 o 2 09,2 g 2
2zy 4 22z 2yz < 3x7y + 3zy” + 32 4+ 3Tz 4 3z2” + 3y" 2 + 3yz
or replacing z byl — k and y by k — x
2x(k — x) +22(1 — k) +2(k — 2)(1 — k) — (32%(k — z) + 32(k — )*+

+ 3221 k) +32(1 - k) +3(k—2)* (L — k) +3(k—2)(1 - k)*<0

which simplifies to

(9k — 8)x? + (=3k% + 6k(1 — k) + 2k)z — 3k2(1 — k) — 3k(1 — k)2 + 2k(1 — k) < 0. (*)

Now the left hand side of (*) viewed as a quadratic in z has a negative leading coefficient since
2
k< 3 < 9’ and by completing the squarc becomes

which is thus less than or equal to 0 with equality only if

2 1 1 1 1
k—gandx:§k:§ andthusy:§ andz:g.

Solution 5 by Titu Zvonaru, Coméanesti, Romania
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Let @ be the side of the cquilateral triangle and A = 1 its altitude. It is casy to scc that
ax + ay + az = ah, henee x +y + 2z = 1. The desired incquality is cquivalent to

(x+y+2)(@®+9°+ 25 > +9° + 25+ 6ayz

ny + :c:t/Q -+ sz + yzg + a4 a2t > 6xyz,

which is true by the AM-GM inequality for positive numbers z2y, xy?, vz, yz2, 22z, x>

Solution 6 by (Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain

By Viviani’s theorem, z 4+ vy + 2z = 1. By multiplying the left-hand side by = + y + z, the
inequality becomes homogeneous. Then, after clarifying the inequality becomes

22y + 2tz + oyt +yt + 9% + 22 > 6ayz

which follows by the AM-GM incquality.
Solution 7 by Arkady Alt, San Jose, California

Let £ and a be, respectively, the area and sidelength of the triangle.

Then F = = 2w + +2 2= ué = Hence, z+y+ 2z =1 and by AM-GM Inequality we have

Pyttt = (@R R) (mtyte) =
By B2 Yt i)yt 2? 2u7 >

cyc cyc

4P+ B 622y =23 4yt 4+ B+ By,
Solution 8 by Albert Natian, Los Angeles Valley College, Valley Glen, California/

Lemma. Suppose x,¥, z € [0, 1] and define
si=x+y—+z o=x>+y>+2% wi=+7+2° p:=azayz

If s=1, then o > w + Gp.

Proof. Suppose s = 1. We will show via the method of Lagrange Multipliers that

Y

) e ~ _ a2 Bm
W .= 0 w vp U,

But first we make the observation that
1= =(z4+y+2)*=—2w+30+6p,
6p =1+ 2w — 3o.

So
Q=0c—-—w—-6p=0—w-—(1+2w-30),
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Q=40 —3w—1.
The Lagrangian £, with multiplier X, is given by
L=40—-3w—1-—Xs

which yields

ar ar
O

= =8z — 02—\, — =8y—9y> — A,
P T B A, ay y Y A,

|
N|I‘3

=8z —022 — \.

Setting the latter three partials equal to zero, followed by re-arrangement, we get
92° =8z +A=0, 9 —8y+A=0, 9z°—8z+A=0,

each of which has solution |

5 (14 Vi6—02)
resulting in either A =5/3 or A = 7/9. Only for A = 5/3 is () minimized with minimum value
Oatx =y=2=1/3. Thus ¢ > w + 6p.

If P were an interior point to any triangle of side lengths a, b and ¢, with =, y, z being,
respectively, the distances from P to the sides with lengths a, b and ¢, then the area A of the
triangle can be expressed as

1
A=§(a;v—|—by+cz).

For an cquilateral triangle with side length a,
1

The side a and area A of an equilateral triangle whose altitude is one are given by a = 2/v/3
and A = 1/v/3. Thus

1 12(++)

— == —(x+y+2),

Vi 2 3o ?
r+y+z=1

which allows us to conclude, by the above Lemma, that
o > w+ 6p,
x2+y2+52 > x3+y3+z3+6xyz.

Solution 9 by Samuel Aguilar (student) and the Eagle Problem Solvers, Georgia
Southern University, Statesboro, GA and Savannah, GA

By Viviani’s Theorem,  +y+z = 1. (See, e.g., Ken-Ichiroh Kawasaki, “Proof Without Words:
Viviani’s Theorem,” Math. Mag. 78(3), 2005, p. 213.)

By the AM-HM Inequality,
< r+y+z 1

— 3 737

&=
+
<= W
+
=
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and

111
—t—+->9
Ty =z

Thus, multiplying both sides by ayz and subtracting 3zyz, we get
Yz + zx + 2y — 3ryz > 6aryz
yz(1 — )+ z2(1 —y) + 2y(l — 2) > bzyz
PP+ 2 dyly+ o)+ za(z o) +ay(s 4+ y) > 2P 4y + 23 + 6ayz
(x+y+2)(a?+y?+22) > 2® +o° + 22 + 6y,

which gives the desired inequality, since = +y + z =

Also solved by Hatef I. Arshagi, Guilford Technical Community College, Jamestown,
NC; Michel Bataille, Rouen, France; Kee-Wai Lau, Hong Kong, China; Moti Levy,
Rehovot, Israel; Henry Ricardo, Westchester Area Math Circle Purchase, NY;
Albert Stadler, Herrliberg, Switzerland, and the proposer.

5624: Proposed by Sedn M. Stewart, Bomaderry, NSW, Australia

e
I xz

r' /tan )\
Evaluatc: / — dx
Jo T

Solution 1 by Moti Levy, Rehovot, Israel

U /arctan (z) — z\ ° ' 2
I= '/0 (T) dx = / — (arctan (z) — )" dx.

o ot

By integration by parts,

1 /7 2 2 (1 1
T=-2(3-1) 42 | ——— (x—arctan (2))d

3\ + 3/0 T (x — arctan (z)) dx
I 2 2 (b 2 (1 arctan (z)

=—-(-- 1) = - dr — = ————dx
3(4 +3A R 3A;uﬁ+1)l

1 (E ~ 1)2 LT 2 /1 arctan(x)d“
3 \1 6 3J, z(@2+1)

Using the partial fractions of ——— = L + nvl,f‘?:\, we get
‘L\AL Tl) L AAL\lTJ./ J

L arctan z 1 {1 arctanz 1 1 — 2z
———wdv =5 | ————dx+ [ arctan(z) ;5 da.
Jo z(z?+1) 2 Jo x Jo 2z (1 + 22)

The first integral is related to Catalan constant G

1
arctan &
G = / ——dx
0

T
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